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Abstract

Some algorithms in signal processing and imagine reconstruc-
tion may be formulated as Krasnoselski-Mann (KM) iteration form
and KM theorem asserts the convergence of this iteration un-
der certain assumptions. We give more general iterative schemes
which include KM iteration as a special case and establish the
convergence of extended iterations. Based on the generalized KM
theorems, some algorithms in more wide scopes are analyzed and
treated in new settings.
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1 Introduction and preliminary

It is well-known that some algorithms in signal processing and image recon-
struction may be written as following form ([8]):

o (1—ak)xk+akN3:k, k=0,1,--- (1.1)

where N is a nonexpansive (ne) operator on a real Hilbert space H and {ay} is a
sequence of real numbers in (0, 1]. This scheme is called Krasnoselski-Mann (KM)
iteration. The Krasnoselski-Mann theorem associated with KM iteration asserts the
{x*} generated by (1.1) converges weakly to a fixed point of N provided such fixed
points exist and otherwise {2*} is unbounded [6].



The main feature of KM theorem is that it provides a unified frame for analyzing
various concrete algorithms. We are stimulated by this idea and try to extend KM
iteration in order to analyze and deal with various different algorithms in more
broad settings. Precisely speaking, We generalize KM iteration in three directions
so that they contain three classes of important algorithms: variable-step (or factor),
inexact and perturbed schemes, which are popular and important in many fields
such as the zero problem of maximal monotone operator, variational inequality
(VI) problem, but can’t be cast as KM iteration form. And three corresponding
theorems, called generalized KM theorems, are proposed to ensure the convergence
of extended KM iterations. Then we apply generalized KM theorems to several
algorithms for solving zero of maximal monotone operator, variational inequality
problem, split feasibility problem and convex feasibility problem respectively. Not
only the convergence results of algorithms discussed are establish in new settings,
but also some of them are naturally improved in either iterative form or requirement
of relaxed factors.

We begin with some well-known definitions for operators. An operator G on H
is called v-co-coercive [13] (also called inverse strongly monotone in [8]), if there is
v > 0 such that

(Gx — Gy, —y) > v||Gz — Gy|?

An operator N on H is called nonezpansive (ne) if, for all z and y in H, || Nx—Ny|| <
||z — y||; and an operator F on H is called firmly nonexpansive (fne, see [5, 8, 12])
if it is 1-co-coercive, i.e. for all x,y € H, (Fx — Fy,x —y) > ||Fz — Fy|?.

Lemma 1.1 /8] An operator N is ne if and only if its complement I — N 1is % -co-
coercive; an operator F' is fne if and only if its complement I — F is fne; an operator
A is av, i.e. A= (1 —a)l + aN, where a € (0,1) and N is a ne operator, if and
only if its complement I — A is i -co-coercive.

The KM [8, 15, 17] approach is remarkably useful for finding fixed points of
a ne operator N. And the KM theorem associated with (1.1) can be stated as
follows([8, 9].

Theorem 1.1 Let N be a ne operator on H. Then the sequence {z*} defined by the
+oo

iterative step (1.1) converges weakly to a fized point of N, provided Y ap(1—ay) =
k=0

400, whenever such fized points exist.

In this paper we will furthermore generalize the KM theorem in different cases,
and apply the generalized theorems to some important algorithms.
The following lemma is very useful for our later analysis.



+00
Lemma 1.2 [/, 19] Let {01} and {yx} be nonnegative sequences satisfying y_ o <
k=0

+oo and Yg+1 < Yk + Ok, k=0,1,---. Then {7y} is a convergent sequence.

This paper is organized as follows. In section 2, we first present generalized
KM theorems associated with the extended KM iterations in three directions. In
section 3, we apply the generalized theorems to three classes of important algorithms:
variable-step(or factor), inexact and perturbed schemes. Finally in section 4, we
conclude with further discussions.

2 Generalized KM theorems

In this section , we generalize the KM theorem in three directions and three
theorems are presented and then they are applied to three classes of algorithms
respectively in the following section.

Throughout this section we assume that { Ny} is a family of ne operators on a
Hilbert space.

Theorem 2.1 Assume that the nonempty solution set of the concerned problem is
the fixed point set of Ny for each k = 0,1,---, and for any ”cluster operator” of
{Ny}, the fized points set of it coincides with that of N. Given any 2° € H, the
sequence {x*} generated by following iteration

2 = (1 — o)z + g Npa®, k=0,1,---

+00

converges weakly to a solution point of N, provided ay, € (0,1) and > ap(1—ag) =
k=0

+00. Furthermore, if {N}.} are fne operators on 'H, then the sequence {x*} converges

+oo
weakly to a solution point, provided ay, € (0,2) and Y ax(2 — ay) = +o0.
k=0

Proof. Let z be a solution point, then Nz = z. Set G, = I — N;, and we have
Grz = 0. We know from (1.1) that

¥ =22 = (1 — ar)z” + apNpa® — z?
|28 — 2|2 = 2ap (2" — 2, Gra® — Grz) + || Grz®||>  (2.1)

If N is a ne operator, then from Lemma 1.1, Gy is % -co-coercive. Consequently

12"t — 2] < [la* = 2]* — k(1 — ap) || Gra®[|? (2.2)



It follows from oy € (0,1) that the sequence {|z* — z||} is convergent since it
is decreasing and bounded from below and hence the sequence {z*} is bounded.
Furthermore, as a result of (2.2)

(1 = ap)l|Gra® ||| Gra®|* = [l — 2|

hence
o0

Z ag(l — oak)HGk:L'kH? < |2® — 2|2 < +o0
k=0

As Y10 ag(1l — ay) = +oo, we conclude
lim inf || Gz®|| = liminf ||2* — Npz®|| = 0
k—-+o00 k—-+o00

Hence there must be a cluster point 2* of the bounded sequence {z*} and a cluster
operator N of {N;} such that z* = Nz*, which implies that {2*} is a fixed point
of N from the assumptiom. Then we may use x* in place of the arbitrary solution
point z. It follows that the sequence {||z* — z*||} converges to zero since that the
entire sequence converges and a subsequence converges to zero.
In the case that {Ny} are fne operators, by Lemma 1.1, it follows from (2.1)
that
25t = 22 < Jla® = 2]* — aw(2 = an) | Gra®||? (2.3)
since Gy, is fne. Thus we can obtain the conclusion of this part from similar analysis

as in the first part. Now the proof is complete. O

Remark. In this theorem the sequence of operators {/N;} needn’t converge to
some operator N entirely.
“+o0o
Theorem 2.2 Let N be a ne operator on H. If ay, € (0,1) satisfies Y ap(l—ax) =
k=0
+00, then for any x° € H, the sequence {x*} defined by
2" = (1 — ap)z® + agyF (2.4)
with
|y — NzF|| < ey (2.5)
converges weakly to a fized point of N, provided Z aper < +oo, whenever such
k=
fized points exist. Furthermore, if the operator N is fne on 'H, then the result is still

valid under the assumption that oy, € (0,2) satisfies Z a(2 — ag) = +oo.
k=0



Proof. Let z be a fixed point of N, i.e. Nz = z. Let G = I — N and we have
Gz =0.
Set ! = (1 — ag)z* + apNz*, then we get

[|2F T — 25| < ey (2.6)
by considering the iteration (2.4) and (2.5). It holds that

125 =2l = (1 - aw)z® + apNa* —z||?
= |lz* — 2)? = 204 (z* — 2, Ga* — G2) + aF||G2F|2 (2.7)

If N is a ne operator, since, by Lemma 1.1, G is % -co-coercive, then

1257 = 2] < [la® — 2)* — k(1 — )| Gra®[|? (2.8)

As a result

k+1 _ 2 < ka+1 _ fk+1” + ijJrl

P — 2| < ageg + ka—zH

—+o00
Combining Y aex < 400, we conclude from Lemma 1.2 that the sequence {||z* —
k=0
z||} is convergent and the sequence {z*} is bounded. Then there is an M > 0, such
that ||z% — z|| < M for all k.

We see from (2.8) that

ap(l—ap)|[Gra®? < fla® —2)* — ||z"! — 2)?

— ||$k . Z||2 . ||jk+1 . :Ek+1 +.’L’k+1 . ZH2

S ||.%‘k o ZHQ - ||:Ek+1 . 2”2 + 2<jk+1 . SL‘k+1,LEk+1 o Z)
< b =2 = 2R = 2|2 4+ 2Magey,
This leads to
+oo +o0
Y k(1 — o) |Gea®|)? < |2 = 2)* +2M ) apey, < +o0
k=0 k=0

+o0
As > ax(1 — o) = +00, we can make a conclusion that
k=0
liminf [|Gz¥| = liminf ||2* — N2*|| =0
k—+o00 k—+o00

Taking into account that the sequence {z*} is bounded, there must be a cluster
point x* such that * = Nz*. Then we can use z* in stead of the fixed point z.



Since the entire sequence {||z* — 2*||} is convergent and a subsequence converges to
zero, it follows that the sequence {||z* — z*||} converges to zero.
If the operator N is fne, then, by Lemma 1.1, we get from (2.7)

125 — 2] < [la* — 2]* — k(2 — ap) | Gra® || (2.9)

then we can prove the result of this case by following a similar way as above. O

Remark. In some cases it is impossible or requires too much work to exactly
compute Nz* for some operator N (see [5, 14, 20]), and consequently the efficiency
of the method will be seriously affected. It is well know that inexact technology
plays an important role in designing efficient, easily implemented algorithms for
optimization problems, variational inequality problem and so on. So we give an
inexact version of KM iteration which is suitable to analyze some inexact schemes.
In addition, this theorem is still valid if we suppose that the solution set of the
concerned problem is the fixed point set of N for all k£, and replace the operator IV
with N in 2.5.

In the following we present a generalized theorem for a sequence of operators
{Ny} approaching to N.

Theorem 2.3 Let N and Nj be ne operators on Hilbert space 'H, for k =0,1,---,
“+oo

Ni — N and oy, € (0,1) satisfy 3. ax(l — ag) = +oo. Then the sequence {x*}
k=0

defined by the iterative step

P = (1 — ap)2® + ap Nk (2.10)

+oo
converges weakly to a fized point of N, provided Y. apD,(Ny,N) < +oo for any
k=0
given p > 0, whenever such fized points exist, where D,(Ny, N) [3] is defined as
A
D,(Ni,N) = sup |[Npx — Nz||
l=lI<p

Proof. Let z be a fixed point of ne operator N, i.e. Nz = 2. Set G =1— N,
then G is % -co-coercive by Lemma 1.1 and Gz = 0. Since { Ny} are ne operators,
we have

2Pt =z = (1 — ap)z® + Nz — (1 — ap)z — apNz||
< (1- ak)||xk —z||+ ozkHkak — Nz||



(1 — a)||2" — 2|| + c || Na® — Nygz|| + ag || Nz — Nz||
2% — 2|| + a || Nkz — Nz|
[ 2| + axDs(Ni, N), for p > |z]

INIACIA

“+oo
Taking into account > apD,(Ni, N) < 400, we get from Lemma 1.2 that the
k=0

sequence {||z¥ — z||} is convergent, and the sequence {z*} is bounded. Then there
must be an M > 0 and a p > p > 0 such that ||z¥ — z|| < M and ||z*|| < p, for all k.

Set ¢! = (1 — ap)z* 4+ ax Nz*. Considering the boundedness of {z*} and it
follows that

|25t — 2| < gD, (Ng, N) (2.11)
Since G is % -co-coercive
||;T:k+1 — z||2 = ”iL'k — zH2 — 2ak<ack — Z,ka - Gz) + a%”kaHQ
< Jl2f = 2| — an(l — ag)|| G2 (2.12)

hence one get from (2.12) that

ar(l—ap)lGa®* < fla® — 2| — ||lz" Tt — 2|
— ka _ Z||2 _ ||Lf‘k+1 - :L']H—l —l—$k+1 _ Z||2
ka _ Z||2 _ ka—i—l _ Z||2 _ 2<jk+1 _ xk-‘rl’xk—i-l _ Z>

<
< la¥ = 2| — ||a"T = 2|)? + 2M Dy ( Nk, N)

Therefore, by combining the last part of the proof of Theorem 2.2, we can obtain
the convergence, and we omit it here for brevity. O

3 Applications

3.1 Applications in algorithms for maximal monotone operators

A set valued operator T on a Hilbert space H is a maximal monotone operator
[1, 12, 13], that is, T is monotone, i.e. Vz,y € H, Vv € T'(z), Yw € T(y), (v —w,x —
y) > 0, and the graph Gr T' = {(z,v) € H x H|v € T'(x)} is not properly contained
in the graph of any other monotone operator. We are interested in the resolution of
the inclusion problem

Find z € H, such that 0 € T'(x) (3.1)

which appears in a wide variety of equilibrium problems such as convex programming
and monotone variational inequalities.



Given any positive scalar ¢ and operator T, Jor = (I+cT) ! is called a resolvent
of T. We know that an operator 7" on H is monotone if and only if its resolvent
Jor = (I + ¢T) 71 is fne, moreover T is maximal monotone if and only if Jur is fne
and dom Jor = H (see Theorem 2, [12]).

In fact the zeroes of a monotone operator precisely coincide with the fixed points
of its resolvent:

Lemma 3.1 [12] Given any mazimal monotone operator T, real number ¢ > 0, and
x € H, we have, 0 € T'(z) if and only if Jor(x) = x.

Let T be a maximal monotone set-valued operator on H, then this lemma suggests
a iterative method called Proximal Point Algorithm (PPA):

phtl = JckT(xk) (3.2)

as named by Rockafellar[18].
In order to accelerate the standard PPA, the following Relaxed Proximal Point
Algorithm (RPPA) is proposed in [12]

" = (1 — pp)T + prJe, (") (3.3)

where ¢ = ;?;% ¢, > 0 and pr € (0,2) is a relaxation factor which is supposed to

satisfy

Ry =inf p, >0 and Ry =supp, <2 (3.4)
k>0 k>0

Besides, Eckstein and Bertsekas’ convergence theorem also allows the resolvent J.,

to be evaluated approximately so long as the sum of all errors is finite, that is,

xk'H = (1 — pk)I + prWi (3.5)

with
lwi = Je,r ()| < ex (3.6)

where E,‘gj’) £ < 400 besides the above assumptions for ¢; and pg.
From Lemma 3.1, we know that for ¢, > 0 with ¢ = ]iI;f(; ¢k > 0,0 € T(x) if and

only if Ji, 7(z) = « for all k. Combining the fact that JckTiare fne operators, we can
straightly get from Theorem 2.1 that the sequence {z*} defined by (3.3) converges

“+oo
weakly to a zero of T' under the assumption that py € (0,2) and Y pr(2—pr) = 400,
k=0

which is much more relaxed than (3.4).



Furthermore, by considering Theorem 2.2 and the Remark, we can also affirm
that the sequence {z*} generated from (3.5) and (3.6) converges weakly to a zero

+o0 too
of T, provided p € (0,2), > pr(2 — px) = 400, and > prep < +00.
k=0 k=0

For that the factor p; is to accelerate the convergence, our relaxation of restric-
tions on pj is not nonsense.

3.2 Applications in solving variational inequality problem

A variational inequality (VI) problem is to find z € C, such that
(flx),y—2) =20, VyeC (3.7)

where C is a closed convex subset of R™ and f(z) is a mapping from C to R".
The following lemma is well-known in VI field.

Lemma 3.2 z* is a solution of (3.7) if and only if x* = Po(x* — v f(z*)) for any
given v > 0

where Po is an orthogonal projection onto C.

If we set N(x) 2 Po(xz —~f(x)) for 4y > 0, then by considering the properties of
orthogonal projections, we can easily verify that

Lemma 3.3 If f is a mapping that is co-coercive on C with modulus ¢ > 0, then
the operator N is ne for any v € (0,2¢).

Proof. By the non-expansivity property of the orthogonal projection operators, we
have that Vx,y € R"

INz = Nyl3 = |Pe(z —~f()) — Pely —vfW)3

< e —yflx) = (—vfW)l3
= |z —yl3 —2v({x—y. f(=) — W) + (@) = fW)]3
< e —ylls = v@2e =) f(@) — FW)3

where the last inequality follows from the co-coercivity of f. When v € (0,2¢), it
obvious that the operator N is ne. O

Let f be a mapping that is co-coercive on C' with modulus ¢ > 0. Assuming that
Yk € (0,2¢), with Ig% v > 0, one can conclude from Theorem 2.1 that the sequence

{z*} defined by the following iterative step

2 = (1 — )2 + o Po(2® — v f () (3.8)



+oo

converges to a solution of (3.7), provided that aj € (0,1) satisfies Y ap(2 —ax) =
k=0

400, whenever the solution set is nonempty.

While in the case of a, = 1 in (3.8), the convergence theorem was established
under the assumption that

0 < inf v < su < 2c
]iZO’Yk > kZIS’Yk

(see [12]).
We know that in some cases it costs too much work to exactly compute the
orthogonal projections, so we present an inexact algorithm as follows

2" = (1 — o)z + agyF (3.9)

with
ly* = Po(a” — v f(2™)|2 < ek (3.10)

We obtain from Theorem 2.2 and its remark that this inexact algorithm generates a

+o0
sequence converging to a solution of (3.7) as long as ay € (0, 1) satisfies Y ax(2 —

“+o00o
ag) = 400, and Y ager < +00.
k=0

Sometimes we prefer a sequence of nonempty closed convex sets {C}} approach-
ing to C for solving the VI problem. For this purpose, we introduce the following
notion of convergence, called Mosco-convergence [2, 16], for sequences of sets in a
reflexive Banach space. Let N be the set of natural numbers.

Definition 3.1 (see Definition-Proposition 3.21, [2]) Let X be a reflexive Banach
space and {Ci}ren, C a sequence of subsets of X. The sequence {Ci}ren is said

to be Mosco-convergent to C, i.e. Cl M C,if

(i) VaeC, HaF}ren, ¥ € Cy for every k € N such that z* X x;
(i1) V{kj}jen, Y{a/}jen, 27 € Cy, for every j € N, a7 Ly = zecC

where X and X, denote the strong and weak topology, respectively. Especially, if
{Ct} and C are in R", then Cj Mois equivalent to

(i) Ve C, 2"} ren, 2% € Oy for every k € N such that z* — x;
(it) V{kj}jen, Y{a'}jen, a7 € Ck, for every jEN, 27 -z = z€C

10



The p-distance for closed convex sets Cy,Cy € R™ is defined as

A
dp(C1,C2) = sup |[[Poy(2) — Py (2)|2
lell2<p

Let C' and C} be nonempty closed convex sets in R", then Cy, Mois equivalent
to d,(Ck,C) — 0, for all p > 0 ([3, 19]). The following result is not hard to verify
(see Proposition 2.5, [19]).

Proposition 3.1 Let C' and C), be nonempty closed convexr subsets in R"™, for k =
0,1,---. If the sequence {Cy} is Mosco-convergent to C and the sequence {x*}
converges to x, then it holds

Jim Po () = Po(w)

We can straightly get from Proposition 3.1 that, if the nonempty closed convex

set sequence {C}} Mosco-converges to C' in R", i.e. C M C, then Pc, — Pc as
k — 4o0.

+-o0 too
Suppose o, € (0,1), > ag(2 — ai) = +oo, and Y agd,(C, C) < +oo for
k=0 k=0

any given p > 0. Then Theorem 2.3 assures the sequence {z*} generated from the
following perturbed algorithm

2" = (1 — o) 2® + g Poy (2% — v f (2F)) (3.11)

converges to a solution of (3.7) for v € (0,2¢) and g% i > 0.

3.3 Applications for the split feasibility problem

The split feasibility problem (SFP)[7, 8, 10] is to find z € C with Az € Q, if
such points exist, where A ia a real M x N matrix, and C and @ are nonempty
closed convex sets in RY and RM, respectively. Byrne proposed the CQ algorithm
in [7] for solving the SFP, and the CQ algorithm is as follows

2" = Po(a® + yAT (Pg — I) Az®) (3.12)

where v € (0,2/p(AT A)), for p(AT A) the spectral radius of the matrix AT A.

The CQ algorithm converges to a solution of the SFP for any 2° € R, whenever
the SFP has solutions. When the SFP has no solutions, the CQ algorithm converges
to a minimizer of the function

f(2) = ]| Po Az — Aa} (3.13)

11



over the set C, provided such constrained minimizers exist.

Lemma 3.4 [8] Let K € RM be a closed convex set. The operator AT (I — Pk)A is
co-coercive with modulus v = 1/p(AT A).

Combining this lemma and Lemma 3.3, we know that if v € (0,2/)\), with
A = p(ATA), then the operator Po(I + yAT(Pg — I)A) is ne, hence we get the
following iterative step for solving the SFP from Theorem 2.2.
P = (1 — ap)a® + apy” (3.14)
with
ly* — Po(a® + v AT (Pg — 1) Az")|2 < & (3.15)
where v € (0,2/\).
400 +o0
If ap € (0,1) satisfies Y ag(l — ag) = 400 and > arer < 400, then the
k=0 k=0
sequence {z*} converges to a fixed point of the operator Po(I + vAT(Pg — I)A).
Moreover, if we take 75 € (0,2/X) in place of v € (0,2/X) in (3.15), with ér>1f0 Vi > 0,

the sequence {x*} still converges to a fixed point of the operator Po (I +~* AT (Pg —
I)A), where v* > 0 is a cluster point of the bounded sequence {v;}.

On the other hand, from Lemma 3.4 we can see that the co-coercive modu-
lus v has nothing to do with the set K. Let {Cy} C RY and {Qi} c RM be

nonempty closed convex sets, with Cj, M ¢ and Q. M Q. Then d,(Cy,C) — 0 and
dy(Qr, Q) — 0 for all p > 0. If we denote

Tx = Po(x +vAT (Pg — I) Ax)

Tyx = Pg, (v +yAT (Pg, — I)Ax)

then, by Proposition 3.1, Ty, — T as k — 400, and by Lemma 3.3 and Lemma 3.4,
we have that the operators T and T}, are ne for v € (0,2/)).

For Vo € RV, ||z||2 < p with p > 0, considering the non-expansivity of projec-
tions, we have

[Tiw — Tally = Py (x — AT (I — Po,)Ax) — Poe — vAT(T — Pg)Az)|
< ||Pg,(z —vA"(I — Py, )Ax) — Pg, (x — yA"(I — Po)Az)|2
+[| P, (z — yA" (I — Pg)Az) — Po(z —yA" (I — Pg)Ax)||s

< AT = Pg,) Az — AT(I — Po)Ax|l2

1Py (@ = AT(I = Pg)Az) — Po(x — vAT(I — Po)Ax)o

12



IN

YAV2||Po Az — PoAzll2

+|| Py (& = yAT(I = Pg)Az) — Pe(ax — yAT(I — Pg)Az)|l2
A"V Py, Az — PoAxl|s

+||Pc, (x — yAT(I — Pg)Az) — Po(z — yAT (I — Pg)Az)|2

IN

It follows that
Dp(Ty, T) < dy(Ci, C) + 22%ds(Qk, Q) (3.16)

where p > max{||Az|2, |z — yAT (I — Pg)Az|2}.
Let’s see the following iterative step

" = (1 — ap)a® + P, (aF +~AT (Pg, — 1) Az®) (3.17)

+oo
where v € (0,2/\). If a € (0,1), and > ap(l — ax) = 400, then we obtain from
k=0

Theorem 2.3 and (3.16) that the sequence {z*} defined by (3.17) converges to a
fixed point of the operator T', provided

+oo
Z Oék(dp(cka C)+ 2)\_1/2dp(Qka Q)) < +o0
k=0

for any given p > 0.

The special case of a, = 1 is to be considered below. Let z be a fixed point of
the operator T = Po(I +vAT(Pg — I)A), then Tz = z.
Let o =1 in (3.14), then we get an inexact form of the CQ algorithm

2Pt — Po(a® + 'yAT(PQ — D AzF)|]y < e (3.18)
+oo
where v € (0,2/)), and we assume Y & < +00.

k=0
Since T is ne, we have

|24 — Tkl + | T2 — Tz

e + 12" — 22

[2575 = 2]l

<
<

+00

Combining " & < 400 with Lemma 1.2, we know that the sequence {||z* — 2|2}
k=0

is convergent, and thereby {z*} is bounded.

13



On the other hand, because T is an av operator, i.e. T = (1 — a)l + aN for
some « € (0,1) and ne operator N. Set G = I — T, then Gz = 0. Since, by Lemma
1.1, G is i -co-coercive, we have

o — 2|3 = |T2" — 25 = 2(Ga" — Gz,2" - 2) — ||Ga* — G2|3
1
> (— — D2k — Tek|2
> (5= Dl = T3
Hence
1 k k k k
(55 — Dlla" — Tz 15 < la* —zl3 = IT2" — 2|3
= [la* — 2[5 — |T2" — 2" + 2*H — 2|3
< Jlaf = 203 = |2 = 23 + 202t — 2|fo)| T — 2T,
< Jl2f = 23 = 12 = 2|3 + 2M ey,

where M is assumed to be the bound of the convergent sequence {||z* — z||2}.
+00
Consequently, since > e < +00, it is obvious that
k=0

+o0
> |ja¥ — T2y < +oo
k=0

As a result
lim |jz® — T2"|]2 =0
k—+o00

Let 2* be a cluster point of {z¥}. Then we have z* = T'z*. So we can use x* in place
of the arbitrary fixed point z. Since we have proved the entire sequence {||z* —z*||2}
converges and a subsequence converges to zero, we can conclude that {2*} defined
by (3.18) converges to a fixed point of T'.

Now we consider the case of o =1 in (3.17), which is a perturbed form of the
CQ algorithm, i.e.

2" = Po, (2% + yAT (P, — I) Ax®) (3.19)

where v € (0,2/)), and we assume

+oo

3 (dp(C, ©) + 22724, (Qk, Q) < +00
k=0

for any given p > 0.
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Since {T}} are ne operators, we have form (3.19) that

kaJrl

HTkxk —Tyz+ Tz —Tz||2
l2* — z[|2 + || Tk — Tz]l2
2% = 2|2 + D3(Te, T)

— 2|2

IN N

where we take 3 > ||2]|2.

“+oo
From (3.16) we know that 3. (d,(C, C)+2X\"2d,(Qx, Q)) < +oo for any given
k=0
+oo
p > 0 implies > Dg(Ty,T) < +oo for any given 3 > 0.
k=0

“+oo
Therefore, combining > Dg(Ty,T) < +oc with Lemma 1.2, we conclude that
k=0

the sequence {||z* — 2|2} converges and {z*} is bounded. So there must be a
sufficiently large number 8 > 8 > 0, such that for any k,

2"t — Tab||y = | Tha® — Ta¥||s < Da(Ty, T)

Setting €, = Dg(T},T) and following the analysis of the inexact form of the CQ
algorithm, we can prove that the sequence {z*} defined by (3.19) converges to a
fixed point of the operator T'.

Therefore, just as the CQ algorithm, all of the inexact and perturbed algorithms
converges to a solution of the SFP for any starting point, as long as the SFP has
solutions; when the SFP has no solutions, they all converges to a minimizer of the
function defined in (3.13) over the set C', provided such constrained minimizers exist.

3.4 Application for the convex feasibility problem

Let C1, Cs, -+, C,, be closed nonempty convex subsets of Hilbert space H. The
convex feasibility problem (CFP) is to find a member of their intersection, if such
elements exist [5, 8, 11].

A relaxed method has been proposed by De Pierro and Iusem in [11] for solving

m
the CFP. Given \; > 0 and Y>> \; =1, let
i=1

2" = (1 — o) 2® + o Ak (3.20)

Az £ NP (3.21)
i=1
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where P; denotes the orthogonal projection onto C; and

0 < inf < 2 3.22
< érzloak < 2;}30% < ( )

Since Vz,y € H, (Pix — Pyy,x — P,x) > 0 and (Pyy — Px,y — Pyy) > 0, we have
(Pix — Py,x —y — Pix + Py) > 0
Hence

(Pix — Py, z —y)
|Piz — Py|*> + (Pix — Py, —y — Pz + Py)
> ||Pa — Py|?

It follows that the operator P; is fne for ¢ = 1,---,m. Combining this fact with
m

A > 0and > A\; =1, we obtain
i=1

<A$ - Ay,l' - y>

m
= S N(Pa - Py,x—y)
=1

v

> XillPix — Py|?

=1

= O_ 20 NlPx — Pyl?)
=1 =1

> (NN P - Pyl)?
=1
> | Az — Ay

from which we know that the operator A is fne.

Therefore, we can use Theorem 2.1 and loosen the relaxation parameters «y in

(3.22) to
—+00

ap € (0,2) and Y ap(2— o) = +o0 (3.23)
k=0
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4

Furthermore discussions

In this paper we extend KM theorem in three directions, then apply the gen-

eralized theorems to three classes of algorithms. Several algorithms discussed come
from the zero problem of maximal monotone operators, variational inequality prob-
lem, the split feasibility problem and convex feasibility problem. We believe that
more algorithms can be covered in the new setting and it is also possible to extend
KM iteration and corresponding KM theorem to other fields, such as in the case of
N being a point-to-set mapping.
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